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Thus it can be shown that

where 5n = \nc, the roots of // ( d n ) =0.
If we further define R*a = kbRa and

show that

(22a)

(22b)

i = r/b, then we can

i l **"*
uf(u)du "=/
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e J } ( a d n ) J \uf(u)J0(cxbnu)du (23)

is the general expression for the thermal constriction
resistance due to an annular contact area with an arbitrary
flux distribution over the contact area. R*a often is called the
constriction parameter and is defined as \l/a.

Equation (23) is valid for any axially symmetric flux
distribution and can be evaluated analytically or numerically.
For the case of a uniform heat flux,/(«) = 1, we obtain

\uf(u)du =
J e

(24)

f y 7
] £ W/(M)/ 0 (a6 w M)f l fM= ———2 i ( a d n ) J j ( a d n )

-(aedn)J}(aedn)} (25)

With Eqs. (24) and (25), Eq. (23) becomes

~* J , ( a d ~ ) J(4/7T)
(26)

in agreement with the analysis of Yip.4 In his dissertation,
Yip presents a plot of \[/a for various values of e and a. It can
be seen that the general expression developed here reduces to
the general expression valid for a circular contact area' when
e is set equal to zero.

Conclusions
A general annular constriction parameter valid for axially

symmetric flux distributions has been derived from first
principles. In the limiting case of a circular contact, the
general expression developed here reduces to one developed
previously. The annular constriction parameter for the case of
uniform heat flux is seen to be a particular case of the general
case, and it was obtained with great ease from thegeneral ex-
pression.
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Notes on Finite Elements for Nearly
Incompressible Materials

T. H. H. Pian* and S. W. Leet
Massachusetts Institute of Technology, Cambridge,

Mass.

Introduction

IN applying conventional finite element methods to
incompressible materials, the resulting element stiffness

matrix will be infinite. Alternative formulations must be
provided whereby the mean stresses in the elements are in-
troduced as unknowns in addition to the nodal displacements.
Hernnann1 and Key2 introduced such remedies for the
assumed displacement method, while Tong3 and Lee4

provided corresponding schemes for the assumed stress
hybrid model. For nearly incompressible materials it is also
known that the conventional finite element models based on
the assumed displacement approach do not give reliable
solutions, unless the mean stresses are retained as additional
variables. Nagtegaal et al.,5 in explaining the failure of con-
ventional finite element solutions in the fully plastic range by
the tangent stiffness approach, have pointed out the severe
kinematic constraints on the modes of deformation in-
troduced by the zero dilatation condition. They have demon-
strated that a plane strain element made of four constant
strain triangles forming two diagonals can give satisfactory
solutions for the fully plastic range.

The purpose of this Note is to point out that the in-
compressibility constraints imposed on the assumed stress
hybrid elements are much less severe. Hence, solutions for
materials very close to incompressibility, can be obtained with
sufficient accuracy by such elements using the conventional
method which contains only nodal displacements as
unknowns. This Note will also point out the situations for
which the formulations by Key can also be converted to the
conventional matrix displacement methods for nearly
incompressible materials. In the following developments, only
isotropic materials will be considered and the effect of body
forces will be excluded for the sake of simplicity.

Incompressibility
The pointwise incompressibility condition i.e., the con-

dition of vanishing dilatational strain, provides certain con-
straints to the assumed displacement finite element for-
mulation. As an example the displacements for a four node
rectangular plane strain element can be assumed as

11 = 01!+ot2x + <x3y + ot4xy (la)
(Ib)

However, to satisfy the condition e v - t -e v = (du/dx) +
(dv/dy) = 0, it is necessary that

oL2+oi7 = 0 (2a)

(x4 = 0 (2b)

&8 - 0 (2c)

These three conditions of constraint will limit the element
motion to only two possible deformation modes which, of
course, cannot represent more general state of strain.
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Assumed Stress Hybrid Element
The assumed stress hybrid element6'7 is based on in-

dependently assumed equilibrating stresses in the elements
and compatible displacements along the boundary of the
elements. The variational principle to be used is the stationary
condition of the following functional

- T,u,dS} (3)

where
0jj = stress tensor
7} = boundary traction
SUM = elastic compliance tensor
w/ = boundary displacement
Vn = volume of the nth element
d Vn = entire boundary of Vn
S0 = portion of the boundary of Vn where

the surface tractions are prescribed

In this finite element formulation, the stresses a and boundary
displacements u are independently expressed in terms of stress
parameters ft and nodal displacements q. Equation (3) then
can be expressed in terms of ft and q in the form of

(4)

But the stationary condition enables us to express the stress
parameters ft in terms of q, and irmc can be written as

where
K=GTH~1G = element stiffness matrix

(5)

(6)

For incompressible materials the H matrix becomes
singular because of the linear dependency of those columns
corresponding to the constant normal stress terms. It can be
shown in the following that for certain arrangements of the
stress parameters the element stiffness matrix k can be written
in the form of

(k2/ec) (7)

where e is equal to (l-2*>) and goes to zero as the Poisson's
ratio approaches 0.5, and c is a constant. The constant terms
of the assumed normal stress components may be written as

(8)

The stress parameters thus can be expressed as

x"f _

Oi

Go

H=
HO

(9)

(10)

(11)
ea

It can be shown that the factor e only appears in the last
column and row in H. Equation (4) can then be written as

- - f t o
 THofto

(12)

Again the stationary condition enables us to express ft0 and a
in terms of q and irmf can be expressed as

q-q T Q] (13)

where
k]=G0

TH0-!G0+-

and

TH0 -]G0+G0
 TH0 -7

— r Tf

(14)

k2 = Ga'Ga (15)z a a. \i ~>)

This verifies Eq. (7). As v approaches 0.5, it is necessary that

Gaq = 0 (16)

For the assumed stress hybrid element the incompressibility
condition thus always leads to only one constraint, which in
fact, specifies that the volume of the element be maintained
constant. It should be remarked that the element stiffness
matrix obtained in this manner is identical to that by the or-
dinary arrangement that the three normal stresses be /?/, ft2f
and ft3, respectively.

Formulation by Key's Principle
In the functional given by Key [2], the strain energy in the

variational functional is separated into two parts, the
deviatoric part expressed in terms of displacements and the
spherical parts, in terms of displacements and stresses, i.e.

-]Son TiUidS[
(17)

where
A(e!j) = deviatoric strain energy in terms

of deviatoric strain e'.
ekk - dilatational strain
•a,,, = mean stress
K = bulk modulus = E/3(l -2v)

Both elj and ekk are, of course, expressed in terms of
displacement components.

In the finite element formulation, am and u are expressed in
terms of stress parameters ft and nodal displacements q and
Tr,,,/? can be expressed in the form of

(18)

Here again ft can be expressed in terms of q in the element
level and

where

k 2 = G 1 , 7 " H - / G

(19)

(20)

For the case of incompressibility where K becomes infinite it
is necessary that

(21)
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Table 1 Solutions of the displacements at the unsupported
corner of a square-shaped plane strain panel (10 ~ 3 in.)

Element

\ mesh
" \ _
0.33
0.40
0.45
0.48
0.4999
0.49995

Hybrid stress
model

1
0.
0.
0.
0.
0.
0.

x l
191
178
164
153
145
145

2x2
4x4
0.185
0.172
0.160
0.151
0.144
0.144

Key

1
0.
0.
0.
0.
0.
0.

's principle

xl
201
194
188
183
180
180

2x2
0.186
0.173
0.160
0.150
0.143
0.143

Displacement model Displacement model
bi-linear four subtriangles

I x
0.178
0.150
0.110

1

0.634 x 10 -1

0.479 x
0.240 x

io- 3

io-3

2x2
0.182
0.164
0.139
0.106
0.189xlO~2

0.953 x 10 ~ 3

1x1
0.170
0.161
0.114
0.130
0.120
0.120

2x2
0.183
0.167
0.152
0.142
0.133
0.133

These are again the incompressibility constraints. It is seen
that the number of constraints is equal to the number of stress
parameters 0. To restrict the number of constraints to a
minimum it is desirable to assume constant mean stress om for
the entire element. In that case the constraint condition is
again the maintaining of constant volume of the element.
However, if the mean stress distribution is assumed linear in
x and y there will exist three kinematic constraints which are
exactly the same as Eq. (2). The assumption of constant mean
stress for the entire element is, however, unreasonable if the
deviatoric strains contain higher order terms.

Example Problem

A plane strain problem was solved and double precision
was used to minimize the round off error. The structure is I"
x 1" square planform with one horizontal edge clamped and
the neighboring edge free to slide. The other horizontal edge is
acted on by a uniform tensile stress of 4000 psi. Different rec-
tangular elements used are: 1) four mode assumed stress
hybrid element with seven stress parameters; 2) four node
element with bilinear displacement assumption; 3) an element
made of four constant strain triangles forming two diagonals,
arid 4) four node element derived by Key's principle with con-
stant mean stress.

It should be noted that the scheme of subelement con-
struction for the third element above is riot applicable to other
types of elements such as axisymmetric solids and three-
dimensional solids. Solutions for the vertical displacement at
the unsupported corner are given in Table 1. Here the
assumed stress hybrid model using 2x2 and 4x4 meshes are

identical hence they can be considered as the reference
solutions of the problem.

It is seen that the assumed stress hybrid model yields the
most accurate solutions for all values of *>, although the
element with four subtriangles and the one by Key's principle
also led to reasonable solutions for v approaching 0.5. On '
the other hand, in the case of element based on bilinear
displacement, the boundary conditions of the present problem
will prevent any deformation on account of the severe con-
straints due to the incompressibility condition.
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leclaical GOIIHIS
Comment on "Extended Integral

Equation Method for Transonic Flows'

Helge N0rstrud*
Norwegian Institute of Technology,
University of Trondheim, Norway

Introduction

NIXON1 has reported on a method of analysis
for calculating transonic flows which he describes as the

extended integral equation method. This method, he states,
results in a considerable improvement in the accuracy with
respect to the "standard" integral equation which, on the
other hand, yields unsatisfactory results. To visualize the gain
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in accuracy Nixon compares one of his obtained solutions
with a "standard" integral equation solution2'3. The purpose
of the present Note is threefold: to show that the comparison
presented by Nixon is erroneous and, hence, misleading; to
bring some results which qualify the validity of the ap-
proximation made in the evaluation of the subject field in-
tegral; and to comment on an earlier criticism4 of related
nature.

Analysis
The problem under discussion concerns the solutions of the

nonlinear potential equation which describes the transonic
small-disturbance flow past a slender profile. The integral
equation method formulates the solution to this partial dif-
ferential equation as an integral equation in a reduced space
of the physical coordinates. Similarity solutions are then ob-
tained, but the analysis requires a knowledge of the per-
turbation velocities in the flowfield. These can, however, be
related to the velocities at the profile surface in an ap-
proximated manner of various degrees of accuracy.

One example chosen by Nixon to point out the feature of
the extended integral equation method is the supercritical flow


